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Phase Change in a Radiating and Convecting
Medium with Variable Thermal Properties

L. T. Yeh* and Benjamin T. F. Chungt
University ofAkron, Akron, Ohio

One-dimensional heat transfer involving solidification of materials with temperature-dependent thermal
properties subjected to radiation and convection is studied. In the present analysis, Biot's variational principle is
employed. The complicated nonlinear heat transfer problem is reduced to a much simpler initial value problem
which is then solved by standard techniques. The numerical results for the time variant solid liquid interface and
the temperature history at the heat transfer surface are presented graphically.

Nomenclature

B = L/cprTj for solidifcation = L/cprTe for melting
BQ = H0L i / k , . = Biot number
cp = specific heat
cpr = a referenced specific heat obtained from a linear curve

fitting or a pseudospecific heat at the absolute zero of
temperature

D = dissipation function
F = thermal potential per unit volume
h = heat content per unit volume
h0 = heat transfer coefficient
H = heat flow vector
H = local heat flux
k = thermal conductivity
kr = a referenced conductivity obtained from a hyperbolic

curve fi t t ing or a pseudoconductivity at the absolute
zero temperature

L = latent heat
Lj = thickness of slab
M = dimensionless heat capacity M— (pcp) I (pcp),.
M — coefficient for variable heat capacity defined by Eq.

(7a)
n = unit vector outward normal to boundary surface
N = coefficient for variable conductivity defined by Eq.

(7b)
N = dimensionless thermal conductivity, N=k/kr
Nr = radiation parameter

= aFTj 3L j / k r for solidification
= oFTe

 3Ll/kr for melting
p = phase change parameter, /?=! for solidification,

p— — 1 for melting
s = dimensionless solidification or melting distance, s =

t = dimensional time
T = dimensional temperature
u = dimensionless temperature

= T/Tj for solidification
= T/TC for melting

ue — dimensionless environment temperature
= Te/T; for solidification
= 1 for melting

up = dimensionless fusion or melting temperature
= 1 for solidification
= TP/TC for melting

us = dimensionless surface temperature
= Ts/Tj for solidification
= TV TV for melting

= dimensionless initial temperature
= 1 for solidification
= r// TV for melting
= dimensional distance
= density
— Stefan-Boltzmann constant
= thermal diffusivity, k/pcp
= dimensional melting or solidification distance
= dimensionless time, art/L }
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-dimensionless temperature above the initial tem-
perature = u — u,

% = dimensionless distance, x / L j
Subscripts
p = condition at melting or fusion temperature
/ = initial condition (i = p for the present case)
e = environment condition
s = condition at x = Q

Introduction

P ROBLEMS involving transient heat conduction with
phase change are of considerable importance in many

technical fields. Typical examples in the field of engineering
are the aerodynamic heating of space vehicles, the making of
ice, the freezing of foods, and the solidification in casting
processes. The surface radiation becomes particularly im-
portant in the case of metal casting at high temperatures.
Whatever the field of application, the problem of central in-
terest is to determine how the melting or fusion propagates
and how the temperature is distributed in the old and newly
formed phases. Recently, the approximate analyses1'2 were
presented for phase change in a planar medium with the initial
temperature either equal to or different from the fusion tem-
perature. The analysis was based on the assumption that the
thermal properties of the material are independent of tem-
perature. This assumption is reasonable for modest tem-
perature ranges. However, when the temperature difference is
large, the effect of variable properties becomes significant.
The purpose of this work is to extend the previous study ' by
including the effect of variable properties. As a result of the
strong nonlinearity of the problem, an exact solution is not
feasible. In the present analysis, Biot's variational method3"6

is employed with an emphasis on the solidification of
saturated liquids. With this method the complicated nonlinear
boundary value problem is reduced to a much simpler initial
value problem which can be easily solved using standard
numerical techniques.

Mathematical Analysis
Consideration is given to a finite region of liquid (or solid)

which is initially at its fusion or melting temperature, Tp. Due
to radiative and aerodynamic cooling (or heating) at one sur-
face, phase change takes place, while the other side is ther-
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mally insulated. It is assumed that during the period of phase
change, there exists, at all times, a sharply-defined line of
division between the solid and liquid phases. The thermal
properties except density are temperature dependent. A con-
stant density is assumed for both liquid and solid phases. The
justification of this assumption may be found in the
literature7'8 which have demonstrated that the effect of
unequal phase densities is negligibly small. Furthermore, heat
transfer due to free convection in the liquid region is assumed
negligibly small and the newly formed phase is assumed to be
opaque.

Since the material under consideration is initially at fusion
(or melting) temperature, the old phase always maintains a
constant temperature at up. The governing equations for the
newly formed phase in terms of dimensionless variables and
parameters are as follows

du
-dr

- du
(D

For convenience, let the heat capacity and thermal con-
ductivity be the forms

M=l+Mu

1N=-
1+Nu

(7a)

(7b)

We assume a linear temperature profile in the newly formed
phase

where 6 is the temperature above the initial temperature,
(UI = UP for the present case). Note that the choice of linear
temperature profile in the newly-formed phase has been
shown to yield quite satisfactory results in the earlier stud-
ies9"11 The heat flow vector is obtained from Eqs. (5, 7, and 8)

N= r =Nr(u4-u4
e) + B0(u~ue)

_ du ds

(2a)

at{ = 0, T>0 (2b)

at? =5, T>0 (2c)

Where 5 is dimensionless solidification or melting distance; M
and N are dimensionless heat capacity and conductivity
respectively, p = 1 represents the case of solidification, p = — 1
for melting.

To apply Biot's variational principle, we first define the
heat content per unit volume, /?, and the thermal potential per
unit volume, F, as4

M(u) du

M(u)udu

(3)

(4)

Where 6 is the temperature field above the equilibrium tem-
perature. We then define a heat flow vector, //, whose time
rate of change, //, represents the heat flux across the area nor-
mal to H. From energy balance and divergence theorem, we
obtain

H=^(l+Mup)(us-up)s(l-~)2

-M(us-up)2s(l--)3-PBs (9)

Substituting Eqs. (7-9) into Eq. (6) leads to a first-order or-
dinary differential equation in terms of us and 5 of the form12

= - (l+Mup)(us-up)2

+ — M(us-up)3-PB(us-up) (10)

where

D, = —a2
IbIcIs(sc+sus) + —Malblc]s(sc1 +sus) + ——

2_
+ 56

sc, + SM.S-) - -NPBs a,c,(sci^-sus)

div H=-h (5)

Based on the variational principle, Biot has derived the
following useful equation of Lagrangian type3

dV_
W,

3D f dH
—— = - \ 6——
OQ, J A da,dq,

ndA (6)

Where q{ is the generalized coordinates, n is the unit vector
outward normal to the boundary A of the body. V is the ther-
mal potential defined by

V=\ FdV
J r

Dis the dissipation function defined by

dv

and v is the volume of the body.

D2=——a2,bIc2
]ss+ —a]bIc3

IMss+ —Na^c^s

11
7260'

'Wo1

-aj
6

- ~NajC2
{PBss

12

-—
168

—MNa,c3,(sCi+2sus)s+ —— M2N c4
} (scj +2sus)s63 1008

- — Mb]c](sc1+2sus)PBs- — MNc2
]PBs(sc]24 30

D4=—Ma1b!c3,ss+ -—-M2blc4
}ss+ ——MNarfss

OU ZoZO 2oO

- - 5 , s s - —Mb1c]PBss- ~
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- -a,biCiPBss- — Mb,c2,PBss- — Na,c2,PBss
3 12 24

l+Mup

r = M, - Up

'= ——

dus

and
T=art/L2j

The variable 5 in Eq. (10) can be eliminated by introducing
the following relationship

s= —
(l+Nus) [Nr (u4 -u4

e) + B0 (us -ue)]
(11)

which is obtained from the boundary condition at £=0.
Therefore, we obtain an equation for the surface temperature
of the form iis = f ( u s f r ) with initial condition, us(Q)= 1. This
first-order differential equation can be easily solved
numerically using the available subroutine in an IBM
scientific package.

Results and Discussion
Although the present analysis is applicable to both melting

and freezing, the numerical computations are presented for

the case of solidification only, i.e., p = \. The same analysis
can be equally applied to solidification of a semi-infinite
region of liquid. Furthermore, similar techniques can be em-
ployed in the spherical and cylindrical systems involving a
phase change. Figures 1 and 2 show the effects of variation of
thermal conductivity upon the rate of solidification and the
radiative surface temperature under various values of B. The
effects due to the variation of heat capacity are presented in
Figs. 3-4. The parameters involved in these figures are B0 = 1,
Nr = \ and ue =0.25. It is found that the constant properties
solution fall between the curves with 7V=±0.5, M=0, or
M= ±0.5, 7V=0. All curves end at the instant when s equals
unity. As expected, the total solidification time increases as B
increases. The radiative surface temperature increases when
the heat capacity increases or when the thermal conductivity
increases. Figures 2 and 3 also show that the surface tem-
perature increases as B increases at a given time, because it
takes more time to cool the surface is the latent heat is higher
or heat capacitance is lower.

It is seen from Figs. 1 and 4 that the solidification front
moves faster when either the thermal conductivity is larger or
the heat capacity is smaller, since the high conductivity or low
heat capacity of the material tends to accelerate the heat trans-
fer process. Consequently, the total solidification time is
reduced. The time required to reach a specific value of 5 in-
creases as the value of B increases. It is of interest to note
from Figs. 3 and 4 that the effect of the variation of the heat
capacity on us and s becomes less and less important when B
becomes larger. The reason is that the rate of solidification,
ds/dr heavily depends on B when B is very large. However,
the surface temperature and the solidification distance are
affected greatly by the variation of the thermal conductivity
with respect to temperature.

Figures 5 and 6 illustrate the surface temperature history
and the time variant fusion line for variable heat capacity and
thermal conductivity of the material. It is seen that the surface
temperature of the material with M= — 0.5 and 7V=0.5 cools

Fig. 1 Solidification front movement with time for variable thermal
conductivity.

Fig. 3 Temperature history at the heat transfer surface for variable
heat capacity.

Fig. 2 Temperature history at the heat transfer surface for variable
thermal conductivity.

Fig. 4 Solidification front movement with time for variable heat
capacity.
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Fig. 5 Temperature history of the heat transfer surface with variable
heat capacity and thermal conductivity.

Fig. 7 Solidification front movement with time for either variable
heat capacity or thermal conductivity.

Fig. 6 Solidification front movement with time for variable thermal
conductivity and heat capacity.

faster than that of the case with M- 0.5 and N— —0.5 during
solidification. Figure 7 plots the interfacial position against
the dimensionless time with radiation numbers as a parameter
at different values of M and TV. It is seen for these particular
parameters that the curves with 7V=0 fall between those with
M=0 at the same radiation number. It appears that a variable
conductivity has more effect than a correspondingly specific
heat. At a given time, the difference of s between two curves
with M=0, 7V=0.5, and M=0, 7V=-0.5 increases as Nr
increases. A similar trend is found for the case with 7V=0,
M=±0.5.

It should be pointed out that representations of M and TV
given by Eq. (7) are reasonable approximations for a large
number of metals and alloys. Although Eqs. (7a) and (7b) are
not applicable to very low temperature region of metals, they
cover a wide temperature range up to fusion temperature.
Note that the values of pcpr and kr do not represent the true
values of heat capacitance and conductivity at the tem-
perature of absolute zero. (The theoretical value should be
zero). They only represent the extrapolation values at the ab-
solute zero based on the least squares curve fitting to the ex-
perimental data within a given temperature range. For
illustrative purposes Table 1 lists recommended values of M,
cpr, N, kr and B for some materials encountered in metal
casting. The first four items are computed based on the least

squares curve fitting from the experimental data compiled by
Goldsmith etal.13

Due to the general nature of the present problem, no
previous solution is available for comparison. However, as in-
dicated before, a special case with constant properties has
been studied by these authors. l We now consider the case that
material properties are temperature independent. The
solution for solidification depth and surface temperature can
be directly obtained by letting M=N=Q, Eqs. (10) and (11)
yield

, ds 22s~ - -
dr 3

^s2(u40

ds 2
s-- + —
dr 15

ds
s--

dr

dr

which is identical to Eq. (12) of Ref. 1 .

Conclusions
Analysis of one-dimensional heat transfer involving

solidification of a planar medium with variable thermal
properties subjected to radiation and convection are presen-
ted. Biot's variational method is employed to the solution of
this complicated nonlinear problem. It is found that the depth
of solidification or melting increases as the radiation number
increases. The depth of solidification and the radiative surface
temperature are found to be not quite sensitive to the
variation of heat capacity when B is very large. However, the
radiative surface temperature and solidification distance are
greatly affected by the variation of thermal conductivity. It is
also found that total solidification time increases as B in-
creases. A limiting solution that the material has constant
properties is directly obtained from the present solution by
letting M=N =0.
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